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Abstract. We improve upon on a limit theorem for numerical index for large classes 
of Banach spaces including vector valued ^,-spaces and l p -sums of Banach spaces where 
1 < p < oo. We first prove n\(X) = \iuYn\{X m ) for a modified numerical index n\{.). 

m 

Later, we establish if a norm on X satisfies the local characterization condition, then 
n(X) — Ymvn(X m ). We also present an example of a Banach space where the local char- 

m 

acterization condition is satisfied. 

1 Introduction 

Let X be a Banach space over R or C. We write Bx for the closed unit ball and Sx for 
the unit sphere of X. The dual space is denoted by X* and the Banach algebra of all 
continuous linear operators on X is denoted by B(X). 

Definition 1.1. The numerical range of T 6 B(X) is defined by 

W(T) = {x*(Tx) : x g S x , x* g S x », x*{x) = 1}- 

The numerical radius of T is then given by 

v{T) = sup{|A| : A g W(T)}- 

Clearly, v{.) is a semi-norm on B(X) and v{T) < \\T\\ for all T 6 B{X). The numerical 
index of X is defined by 

n{X)=mi{v{T): T g S B(X) }- 

Equivalently, the numerical index n(X) is the greatest constant k > such that fc||T|| < 
i/(T) for every T g B{X). The concept of numerical index was first introduced by Lumer 
in 1968. Since then, much attention has been paid to this equivalence constant between 
the numerical radius and the usual norm in the Banach algebra of all bounded linear 
operators of a Banach space. It is known that < n(X) < 1 if X is a real space, and 

- < n(X) < 1 if X is a complex space. Furthermore, n(X) > if and only if v(.) and || • |j 
are equivalent norms. Calculation of numerical index for some classical Banach spaces can 
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be found in [3J and [3]. For more recent results we refer the reader to [I], [2J, [5], [B], [5], 
0, Q3], [S] and [H]. In [7] it is shown that 



n(t p ) = n(L p [0, 1]) 

for a fixed 1 < p < oo. In the same paper it is also established that n(£™) ^ for finite m 
in the real case. In [5] numerical index of vector- valued function spaces is considered and 
a proof of 

n(L p (/i,X))=limn((^(JO) 

771 ^ 

is provided for a Banach space X and for 1 < p < oo. Furthermore, it was recently proven 
in |14j that for p =/= 2 and \i any positive measure one has n(L p (/z)) > in the real case. 
In this paper we first obtain the above type of limit theorem for a class of Banach spaces 
including vector valued l v or L p spaces. We do this in two steps. First, we modify the 
definition of numerical index and show that 

n\{X) = limni(X m ) 

771 

where n% is the modified numerical index, and verify that n\ — n for all the examples 
of spaces considered in this paper. However, our main result is an improvement of limit 
theorem presented in [15j . The study of numerical index of absolute sums of Banach 
spaces is given in 15] , where under suitable conditions it is shown that the numerical 
index of a sum is greater or equal to the limsup of the numerical index of the summands. 
(See Theorem 5.1 of [H].) In this paper, we show the liminf of the numerical index of 
the summands is greater or equal to the numerical index of the sum if the Banach space 
satisfies a condition called the local characterization condition(LCC). We establish : if a 
norm on X satisfies the local characterization condition, then 

n(X) = limn(X m ). 

777 

We also provide examples of spaces where (LCC) is satisfied. 



2 Main Results 

Notation 2.1. Let X be a Banach space and let for m 6 N, X m denote a closed (not 
necessarily finite dimensional) subspaces of X. Throughout this paper, unless otherwise 
stated, we assume: 



1. X = [J X m and X m C X m+1 for all m E N. 



m— 1 



2. For any m E N, there exists P m E V(X,X m ) with ||P m || = 1, where V(X,X m ) is 
the set of all linear projections continuous with respect to the operator norm. 

3. For any x E X and j > m we have P m {PjX) = P m x. 
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Definition 2.2. Let X, X m and P m be defined as above. For L G C(X m ), modified 
numerical index n\{L) is defined as 

ni(L) — sup{\x* Pj LPjx\ : j G {1, 2 . . . , to}, x* G Sx* , x G Sx, x*(x) = 1} 

Furthermore, 

m(X m )=wf{n 1 (L): L G C(X m ), ||i||=l}. 
However, if L G C(X), then the above definition takes the form 

ni(L) = sup{\x* PjLPjx] : j G N, x* G Sx* , x G 5 x ,a;*(a;) = 1} 

and similarly 

n 1 (X)=inf{n 1 (L): L G C(X), ||L|| = 1}. 
Theorem 2.3. Let X and X m be as in the Notation 2.1. Then 

ni(X) = limm(X m ). 

m 

Proof. Consider L G C(X m ) where m G N is fixed. Assume ||L|| — 1 and define 

L m = LoP m g C{X). 

Since |P m | = 1, we have ||L m || = ||L||. We first claim that rii(L) = ni(L m ). Let 
j G {1, to}. Observe that Pjx G X m since Xj C X m . By definition 

ni(L) = sup{|x* Pj LP m P 3 x\ : j = {1,2..., m} x* G S x *,x G S x ,x*(x) = 1} < ni(i m ). 

Now, suppose j > to, then by Notation (l2.1[) . Part 3 above we know P m (Pjx) = P m x. 
Thus 

\x Pj LP m Pjx\ — \x PjLP m x\ — |x LP m x\ — x P m LP m x\ 7 

and therefore 

n-i(L m ) — sup{\x* PjLPjx\ : j G {1, to}, x* G 5x* , x G 5x, a;* (a;) = 1} = n\(L) 
as claimed. 

Now, since we have ni{L) = ni(L m ) > ni(X) for any L G C(X m ) with ||L|| = 1 and 
for any to G N, taking infimum over L yields ni(X rn ) > n\(X) which in turn implies 
liminf m m{X m ) > n x {X). 

To prove limsup m n 1 (X m ) < ni(X), we start with S G C{X) with ||5|| = 1 and for to G N 
define S m = P m °S\ Xm G C(X m ). We know ||5 m || < ||5||, but we claim ||5 m || -> ||5|| = 1. 
To show this let e > and x G X with ||x|| = 1, note that \\Sx\\ > \\S\\ — e, but need to 
show 

||P m 5P m x|| — > \\Sx\\ as m — >• oo. 

Consider, 

I ||-£ > m'S'-fm2;|| ll^^ll I ^ ||-f > m'5'-f > ma; — S'xjj < ||-P m S'-P m a; — -Pm^xH + \\P rn Sx Sx\\ 
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and therefore 

\\\P m SP m x\\ - \\Sx\\\ < \\P m \\\\S(P m x) - Sx\\ + \\P m (Sx) - Sx\\. 



Now, for any z € X m , P m z — > z. Since ||P m | = 1 and X = X m , thus applying 

m— 1 m— 1 

the Banach -Steinhaus theorem yields, \\P m (Sx) — Sx\\ — > and continuity of S implies 
\\S(P m x) — Sx\\ — > 0. Since we proved lim m ||P m S'P m a;|| — > \\Sx\\ > \\S\\ — e, we also have 
lim inf m 1 1 P m S \x m || > H-S'll — e, for an arbitrary e. It follows that 

\\P m S\ Xm \\<\\S\x m \\<\\S\\ 

and thus ||5|| > lim sup m || PmS" \x m ||- Combining together, 

lim inf m ||P m S \ Xm || > ||S|| > lim sup m ||P m S \ Xm \\ 

this concludes the proof of the claim that \\S m \\ —> \\S\\ = 1. Consider, S E C(X) with 
\\S\\ = 1, and ni(S m ) = ni(P m S \ Xm ) where 

ni(P m S \ X J = sup{\x* PjPmS \ Xm Pjx\ : j e {1,2...,™} x* e S x *,x € S x x*{x) = 1}. 
By assumption we have Pj{P m z) = PjZ when m > j for all z <E X, therefore, 
\x*PjP m S \ Xm Pjx\ = \x*PjSP 3 x\ and j e {l,2...,m} 

and we have: 

ni(P TO S UJ < sup{|x*P,-5P,-x| :jeN,ie S x ,x* e S x .,x*(x) = 1} = m(S). 

From the above argument lim sup m ni(S m ) < ni(S), and since \\S m \\ — > \\S\\ = 1, it follows 

S S 
that lim sup m ni( m ) < ni(S) and therefore, lim sup m ni( m ) > lim sup TO ni(X TO ). 

Il^mll |Pm|| 

Since we have shown that 

lim sup m ni(X m ) < m(S) for any ||5|| = 1, S € C(X), 
taking infimum over S yields 

lim sup m ni(X m ) < m(X), 
which completes the proof. □ 
Remark 2.4. Let 

F = {{x n }, i„el and x n — for n > m depending on {x n }}. 
Let || • || be any norm on F satisfying 

\\(x 1 ,x 2 ,...,)\\ < ||(2/i, 2/2,-) || provided \x,\ < \y,\ fori G N. 



Let X denote the completion of F with respect to \\ ■ \\. If for m £ N 
X m = {{x n }, x n £ M. and x n = for n > m} 
and let P m : X — > X m be defined as 

Pm {x\ , . . . , Xm i Xm+l ) *••) — (^1, ^nii Oj •■•)• 

It is easy to see that the above defined X m and P m satisfy the assumptions of Nota- 
tion h2.1}) . Observe that classical SGQUCTicc spaces Izke lp - spaces, Musielak-Orlicz sequence 
spaces (in particular Orlicz spaces) and Lorentz sequence spaces can be constructed in the 
above presented manner. Hence Theorem i2.3\) can be applied in these cases. However, 
from Example 5.4 of '151, we know that, Theorem \2.3\) does not hold for the classical 
numerical index. 

Next, we show a class of spaces for which analogous result to Theorem (| 2. 3p holds for 
the classical numerical index. 

Definition 2.5. Let X, X m and P m be as in the Notation (|2.ip and || . \\x denotes the 
norm on X. We say the norm || . \\x satisfies the Characterization Condition{GG) if and 
only if for any x £ X , with = 1 and m £ N, if x* is a norming functional for x, then 

there exists a constant b m (x) such that b m {x)x* \x m is a norming functional for P m x. 

Above definition is motivated by the space X = £ p with 1 < p < oo. For x ^ and 

(\x 2 \ ^ ^ SQTliXi^)^) 

x £ l n , form of the norming functional is x* — — — - — and clearly 

p iiziir 

x* \x m = (N 7,S (a:i)) where i £ {1, 2, . . . , m} 
\\x\\p 

and the norming functional for P m x, (P m x)* takes the form 

(\ Xi r^s 9 n( Xi )) u , . _ ii^iir 1 



(P m x)* = — — '—7 where b m (x) 



\\-PmX\lp \\PmX\\p 

The above (CC) is also satisfied for norms of £i and cq. The next theorem states that if 
the characterization condition is satisfied then modified numerical radius is equal to the 
classical one. Thus it becames important to give examples of spaces besides £ p where 
characterization condition is satisfied. We present another example after the following 
theorem. 

Theorem 2.6. Let X,X m and P m be as in the Notation \2.1)) and assume that \\ ■ \\x 
satisfies the characterization condition given above. Then, for any L £ C(X rn ) and for 
m £ N, 

m(L) = v{L). 

Similarly, for any L £ C{X) we also have n\(L) = v(L). Furthermore, 

n(X) = limn(X m ). 
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Proof. Take L G C{X m ) with = 1, then 

v(V) = sup{\x* L x\ : x G Sx m , x* G Sx* , x*(x) = 1}. 
However, \x* P m LP m x\ — \x*Lx\ implies that 

v{L) < swp{\x*PjLPjx\ : j G {1,2,...,™}, x G Sx m , a;* G Sx^, a;*(a;) = 1} 

< swp{\x*PjLPjx\ : j G {1,2, ...,m} x G Sx, a;* G Sx*, a;* (a;) = 1} = m(i). 

To prove the other inequality, assume L G C(X m ) with ||L|| = 1 and that ^(X) < n\{L). 
By definition, there exists x* G Sx*, a; G Sx, x*(x) = 1 and j G {1, 2, . . . , m} such that 

i/(L) < I^PjLP^I = \(x* \ Xj oPj \ Xm )LP 3 x\ < \bj(x)x* \ Xj Pj \x m L (prfj|)l ^ "W> 

since bj(x)x* \ Xj oPj \ Xm is a norming functional for PjX in X m , thus we reached to a 
contradiction. Note that to obtain the last inequality in the above equation we use the 

b (x) 

facts bj(x)x* \ Xj = (Pjx)* and \ ^ -. \ > 1. 

To prove n\(L) = v(L) when L G with ||L|| = 1, let e > be fixed, then for some 

x* G S x *, x G Sx with x*{x) — 1, we have |a;*iaf| > n(L) — e. However, 

|x*La;| = lim m | x*P m LP m x \ < sup {\ x* P m LP m x\ : m G N, x*(x) = 1, ||a:|| = ||af*|| = 1 } = 

Thus we have 

v(L) — e < rii(L) for any e > 0. 

To show the reverse inequality, assume L G C(X) with ||L|| = 1 with v(L) < rti(L). 
Then v{L) < \x* P m LP m x\ for some x* G Sx*, x G Sx with x*{x) = 1 and m G N, since 

i/(L) < |(a;* |x m oP m )LP m x\ < \(b m {x)x* \ Xm oP m )L( T p^) < i/(L). 

1 1 a^ 1 1 

Since b m (x)x* \x m °P m is a norming functional for P m a; in X, we again reach to a 
contradiction. Therefore z/(L) — n\{L) holds true. 

Since for any L G £(X m ), with ||i|| = 1 we have v(L) = n\{L) taking infimum over L 
yields the equality n(X m ) — ni(X m ) and similarly for L G C{X) 1 with ||i|| = 1 we have 
v(X) = ni(X). By Theorem (|2.3p and combining all of these equalities we have 

n{X) = \iuYn{X m ). 

m 

□ 

Example 2.7. Fix p G (1, oo). Let X = {®i^nXi) p be the direct Z p -sum of Banach spaces 
(Xi, || . ||j), defined as 

oo 

X = {(xi, . . . ,x n , ■ ■ ■) : Xi G Xi and ^(|| Xi \\i) p < oo}. 

7=1 
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Clearly, the norm x € X is 



* 11= (Edl * IN 



2 = 1 



and in case X, = Xj for all i, j G N, then X = £ p (X). Next, we consider spaces Z m = 
X\ ® . . . @ X m and the projections 

Pm (p^l i • • • : -Em j -^m+1 5 * • • ) — ^*2j • • • j 0; 0} • • •)• 

Note that all conditions in Notation (|2.1l) are satisfied for X ,Z n and P m . To show that 
characterization condition is satisfied for the norm on X , note that for any x £ X \ {0} 
the norming functional has the form 



(\\ Xl ur 1 *:(.)) ~ x 

oo 



i=i 



where 6 X* is a norming functional for Xi G Xj. Setting C = ^^(|| p , to see 

i=i 

II x * ||< 1, let y G X be an element with || y || = 1, then 

,E,~i(ll** Wi^xUvi),^ i 



N*(y)| = 



c 



<^E(n ^ no* -1 ) i**g«)i 



Applying the Holder inequality with conjugate pairs p and q imply : 



\**(y)\ < c 



(E ii ^ nr 1 ) 9 



E ii * \\i 



Since q 



p-1 



and || y 



E ii w n j 



x* is a norming functional for x because 

1 00 

■i— 1 

Furthermore, from 



1 we have |x*(y)| < 1. It is easy to see that 

ii i ii* 



,1 s ll p_1 

(ii^nr^K-))^ 



= i. 



E ii * \\\ 



and writing x* \z m we obtain that b m {x) 



\ P -i 



P m x IIP" 1 ' 
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Next we define characterization condition locally and prove that for a Banach space X 
with the local characterization condition we also have the limit theorem for the classical 
numerical index. 

Definition 2.8. Let X be a Banach space and X\ C X 2 C • • • C X be its subspaces 

oo 

such that X = X m . Suppose for any m G N there exists P m G V{X m+ \,X m ) with 

m— 1 

|| f m|| = 1. We say the norm on X, \\ . \\x satisfies the Local Characterization Condition 
(LCC) if and only if for any x G X m+ i with || x ||= 1, if x* G Sx^ +1 is a norming 
functional for x G X m+ i, then there exist a constant b m (x) G K such that 6 m (a;)x* |x m is 
a norming functional for P m x in X^. 

We start by investigating some consequences of (LCC). 

Proposition 2.9. For a fixed mSN and L G C(X m ), define a sequence 

w m (L) = v{L), w m+1 (L) = v(LoP m ),...,w m+j (L) = v(LoQ mJ ), 

where Q m ,j = P m ■ ■ ■ ° P m +j-i- If the norm on X satisfies (LCC) then v(L) = w m (L) = 
w m +j(L) for j = 1,2,.... 

Proof. Since X m C X m+ i for any m G N, it is easy to see that w m+ j (L) is an increasing 
sequence with respect to j, since 

w m+j (L) =sup{\x*LoQ mJ x\ : x G S Xm+J , x* G S x ^ +j , x*(x) = 1} 

< sup{\x* LQ mJ P m+j x\ : x G S Xm+J+1 , x* G 5"x^ +j+1 , x* (x) = 1} = io m+ j+i(L). 

Now consider x* G and a; G X m+ \ with =|| x || = || x* \\= 1. Suppose the norm 

b m (x) 

on X satisfies (LCC), from the facts that (P m x)* = b m (x)x* \x m and 



have 



\X*L O PmX\ < 



b m (x) 



x*LoP mX \ = \{P m x)*L{ P ™ X )\ < u{L). 

I'm. X 



> 1 we 



Taking supremum over x* G X^ +1 and x G X m+ i we obtain w m+ \{L) < v(V) — w m (L) 
and thus w m (L) — w m+ i(L). Induction on j results in w m (L) = w m+ j(L). □ 

Proposition 2.10. Let Pj G V(Xj+±,Xj) with \\ Pj \\= 1. For a fixed m G N, define 
projections Q m j G V(X m+j ,X m ) as Q m j = P m o P m+1 o • • • o P m+j _ lm Then 

lim Qm,j = Qm 



w/iere Q r „ G V(X,X rn ) with || Q m ||= 1 and X = |J X 



m • 

m—1 
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Proof. Let a; € [J X m , then there is a minimal index k such that x £ Xk- Choose an 

m— 1 

index jk such that m + jk — 1 > fc. Note that Q m ,jX = Q m j k x for all j > jk- This follows 
from the very definition of 

Qm,j(x) = Qrn,j k ° (P m +j k O ■ • • O P m+J -l)(l) 

and the fact that P m +j k is a projection onto X m+ j k _i with Xj. C X m+ j k _i implying 

(Pm+j k ° Pm+ 3k + l ■■■ ° P m +j-l){x) = X 

. Define the limit of the almost constant sequence {Q m jx} as lim Q m j(x) — Q m (x) 

j-HX> 

oo 

for all x 6 X m . Since a continuous, linear map defined on a dense subspace can be 

m— 1 

oo 

uniquely extended to the whole space, we can extend Q m uniquely to X — X rn . It is 

m— 1 

clear that Q m e V(X,X m ) and ||Q m || =1. □ 
Proposition 2.11. For a fixed to e N and L G C(X m ) with \\ L \\— 1, we have 

(L)< (L) 

for all j, where w m<00 (L) = v{L o Q m ). 

Proof. Since w miOQ {L) = sup{|x*L o Q m x\ : x 6 Sx, x* G Sx», x*(x) — 1}, it is clear 
that 

w m ,oo{L) > sup{\x*L o Q m x\ : x G S Xm+j , x* G S x ^ +j , x* (x) = 1} 
and that Q m {x) = Q m j + i(x) for any x G X m+j , implies w mi00 (L) > w m+J (L). □ 
Note that from 

v(L) < w m (L) < w m+ j(L) (L)<\\L\\=1 

we know that the sequence {w m +j{L)} converges to some number say z m (L), consequently 
we have z m (L) < w mj00 (L). Now we show that for any to G N, and any L G £{X), 

w m ,<x>(L) = z m (L). 

Proposition 2.12. Let X be an infinite- dimensional Banach space and letYCX be its 
linear subspace whose norm-closure is equal to X. Let for x G Sx 

N(x) = {x* G B x * : x*(x) = \\x\\ = 1}. 

Define for L e C(X), 

n2{L) — sup{|x*Lx| : x* G Sx»,x G Sy,x*(y) = 1}. 
Then v{L) = n 2 (L). 
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Proof. Fix L £ C{X). Notice that by definitions of v(-) and ri2(-); U (L) > n2(L). Now, 
assume the contrary that there exists L £ C(X), \\L\\ = 1, such that > ri2(L). Fix 

e > 0, a; £ Sx \ Y and x* £ Sx*, with ar*(a;) = 1, such that 

\x*(Lx)\ > n 2 (L) + e. (2.1) 

Define 

W{x) = {z* £ N{x) : there exist {yp} C Sy and {y}} C Sx*,y| 6 ^(^), 

\\x - yp\\ -> 0,y^ -» z* weakly* in X*}. 

First we show that W(a;) is a weak-* closed subset of Bx*- To do this, assume that there 
exists a net {z^} C IT 7 (a;) converging to z* £ -B^. In particular, this shows that z*(x) = 1, 
since z^(x) = 1 for any (3. Let V be any neighbourhood of in weak-* topology of X* . 
Then we can find a a weak-* open neighbourhood of W C X* such that W + W C V. 
Note that for /3 > /3 G , z* — z^ £ Also for any /3 we can choose yp £ 5y and y^ £ N(yp), 
such that — x|| < 1/n and y^ — z^ £ for j3 > /?i . Since {/?} is a directed set, we can 
choose greater than /3 and /3i . Consequently, by the choice of W, z* — y% £ V for any 
(3 > fa, which shows that W(x) is a closed set. 

By above reasoning, (|2.ip and definition of ni(V) x* £ W(x) = cl(W(x)), where the 
closure is taken with respect to the weak-* topology in X*. Define for n £ N 

x + (Lx)/n 



\\x + (Lx)/n\\' 



Let y n £ Sy be so chosen such that \\y n — z n \\ < e/(4n). Select for any n £ N, y* £ N(y n ). 
Let y* be a cluster point of {y*} with respect to the weak-* topology. By definition of 
W(x) and ([H) 

+ e < limsup \y* n (Ly n )\ + e < n 2 (£) + e < |x*(La;)|. (2.2) 

n 

Without loss of generality, replacing L by — Z, if necessary, we can assume that x*(Lx) > 0. 
By (I2.2[) above for n > n , 

y* n (Lx) + (2/3)e<x*(Lx) 
and consequently, since ||j/*|| < 1, 

y* n {x + {Lx)/n) + (2/3)e < x*{x + (Lx)/n). 

Hence 

3 1| as -I- 

Since ||x + (La;)/ra|| -> ||.t|| = 1, 

y*(z n ) + e/2 < .t*(z„), 
for n > ni. Since \\y n — z n \\ < e/4, 

VniVn) = y*n(yn - Z n ) + y* n {z n ) < \\Vn - Z n \\ + Vn( Z n) < e/4 + 2/*(>n) 
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< x*(z n ) - e/4 < x*(y n ) + \\z n - y n \\ - e/4 < x*{y n ). 

Hence 2/^(y n ) < x*(y n ) for n > n a , which leads to a contradicion, since VniVn) = \\yn\\ = 1 
and ]]x*|| = 1. □ 

Corollary 2.13. For any to G N, z m (L) = ui mi00 (L). 

Proof. Let Y — IJ^Li X n - First we show that for any to e N and any L £ C(X m ), 

z m {L) = UmjW m+ j(L) = n 2 {L o Q m ). 
Fix e > 0. Then there exists j £ N such that 

z m (L) < w m+j (L) + e = sup{\x*LQ m j + ix\,x £ S Xm+] ,x* G Sx^ +j ,x*(x) = 1} + e 

< sup{|x*LQ m x|,x G <SV,x* £ Sx*,x*(x) = !} + £< ^(L ° Qm) + e, 

which shows that z m (L) < ri2(LoQ m ). On the other hand, by definition of n 2 (-), for fixed 
to £ N e > 0, there exists j £ N, x £ S Xm+j , x* £ §x^ +j with x*(x) = 1 such that 

n 2 {L o Q m )) < \x*(LQ m )x)\ + e < \x* (LQ„ hJ+ i)x)\ + e< w m+j (L) < z m (L), 

which shows that n 2 (L o Q m ) < z m (L). Since by Proposition (|2.12p . for any to £ N, 
ri2(i o Q m ) = ^(L o Q m ) = w mtOQ (L), z m {L) = Wcc^L), which completes the proof. □ 

Proposition 2.14. Assume that \\ ■ \\x satisfies (LCC). Then for any m £ N, 

n(X m ) > n(X). 

Proof. Fix e > 0, to £ N and choose L G = 1 such that n(X m ) + e > v(L). 

By (LCC), v{L) = z rn (L). By Corollary (f2~T3l) 

z m (L) = iy mi00 (L) = v(L o g m ) > n(X), 

since ||Q m || = 1. We showed that n(X m ) + e> n(X) for any e > 0. Hence n(X m ) > n(X), 
as required. □ 



Theorem 2.15. Let X and X m and P m be as in Definition i2.8\) . Then 

n(X) = ]imn(X m ). 

m 

Proof. By Proposition (|2.14p . n(X m ) > n(X) for any to G N. Hence, 

liminfn(X m ) > n{X). 

m 

By Theorem 5.1 of [IS] , we already know that 

n(X) < limsupn(X m ), 

m 

which proves the equality. □ 
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Now we present an example of a Banach space X satisfying condition (LCC) from 
Definition (gU), 

Example 2.16. Let for n G N (Y n , || ■ || n ) be a Banach space. Set X\ — Y\ and X n = 

X n -i © Y n , Let for n € N, let p n G [1, oo). Define a norm | • |i on X\ by |x|i = and 
a norm • | 2 on X 2 by 

\(x 1 ,x 2 )\ 2 = (\\x4? + \\x 2 \&)V^, 

where Xi G Y% for i = 1,2. Then having defined | • \ n for x = (x\, x n ) G X„ we can define 
| • | n+ i on X n+ i by 

|(a;,x„ + i)| n+ i = + ||a;„ + i||P+ 1 ) 1/p ". 

Note that if x G X n , and m > n, then |cc| m = |a;| n . Let 

F = {{y n } : y n £ Y n and y n = whenever n > m depending on {y n }}- 

One can identify F with U^Li -^nj thus enabling us to define for iff, its norm as: 

\\x\\ F = lim \x\ n , 

n 

because for fixed x G F the sequence |jc| n is constant from some point on by the above 
mentionned property. Notice that completion of F (we will denote it by X) is equal to 
the space of all sequences {x n } such that x n G X n and 

lim ||<3„x|| f = sup HQn^ll-F < +0°^ 

" n 

where for nSN and x = (xi,X2, ...) 

Qn{x) — \X\ , X n , 0, ...). 

Indeed, let {x s } be a Cauchy sequence in X. Notice that by definition of || • \\p, ||Q n |x|| = 1- 
Hence for any e > 0, there exists N G N such that for any s,k > N and n G N, 

|Q„(i'-a*)|| B <e. 

Consequently, for any n G N, Q„(x s ) converges to some point in X n . Hence for any i e N 
(x s )i — > Xi G li. Set x = (xi,x 2 , ■■■)■ Then, it is easy to see that x G X, since any Cauchy 
sequence is bounded and 

||QnO)||F = lim||Q„(a; s )||F <sup||a; s || f < +oo. 

s s 

Moreover, for fixed e > 0, for s,k > N and any n G N, 

||Q„(x fc -x')|| F <||i'-a: fc || F <e. 
Hence fixing k > N and taking limit over s we get for any n G N, 

\\Qn(x k - x)\\ F <e, 



12 



and consequently ||x — x k \\x < e for k > N, which shows that {x k } converges to x G X. 
Hence X is a Banach space. Since for any x G X, lim„ ||Q„(x) — x\\ = 0, F is a dense 
subset of X. Note that for any neNa map P n : X n+ \ — > X n given by 

Pn \X\ j • ■ • 1 Xn , x n j r \ ) — {x \ , . . . , x n , 0) , 

is a linear projection of norm one. By Definition ^. 8p and the proof from Example (|2.7p . 
the condition (LCC) is satisfied for the norm on X. 

Remark 2.17. If for any n G N Y n = R and p n = p £ [l,oo) t/ien f/ie space X from 
Example V2.16\) is equal to l p . If p n = p G [1, oo) for any n G N and the Banach spaces Yi 
are arbitrary then 

X = Yi ® P Y 2 ® p Y 3 ® p ... 
IfY n = Y for any nEN, then X = P(Y). 
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